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THE BEST CONSTANT IN THE DAVIS INEQUALITY
FOR THE EXPECTATION OF THE MARTINGALE

SQUARE FUNCTION

DONALD L. BURKHOLDER

Abstract. A method is introduced for the simultaneous study of the square
function and the maximal function of a martingale that can yield sharp norm
inequalities between the two. One application is that the expectation of the
square function of a martingale is not greater than

√
3 times the expectation

of the maximal function. This gives the best constant for one side of the
Davis two-sided inequality. The martingale may take its values in any real
or complex Hilbert space. The elementary discrete-time case leads quickly
to the analogous results for local martingales M indexed by [0,∞). Some
earlier inequalities are also improved and, closely related, the Lévy martingale
is embedded in a large family of submartingales.

1. Introduction

Square-function inequalities abound in harmonic analysis, in both measure-based
and noncommutative probability theory, and elsewhere, as can be seen, for example,
in Stein [24, 25], Dellacherie and Meyer [8], Carlen and Krée [5], and Pisier and
Xu [23]. Our aim here is to introduce a new approach to the simultaneous study
of the square function and the maximal function of a martingale in the measure
setting, and, with its use, to obtain the sharp form of an inequality due to Davis [7]
together with sharper versions of some earlier inequalities.

We begin with martingales f indexed by the set of nonnegative integers. The
results for such martingales then lead to the analogous results of Section 6 for local
martingales M indexed by [0,∞). To help clarify the scope of the results, f will
sometimes have its values in R, sometimes in H, and sometimes in B, where H
will always denote a Hilbert space and B a Banach space. For all three cases, the
norm will be denoted by | · |. For the second and third cases, the scalar field can
be either R or C. The results are new even for real-valued martingales.

We recall some definitions. Let (Ω,F , P ) be a probability space, (Fn)n≥0 a
nondecreasing sequence of sub-σ-algebras of F , dn : Ω → B a (Bochner) Fn-
measurable and integrable function, and

fn =
n∑
k=0

dk.(1.1)
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The sequence (fn)n≥0, denoted by f , is a martingale if E[dn|Fn−1] = 0 for all
n ≥ 1. That this conditional expectation is equal (except on a set of measure zero)
to the origin of the Banach space is equivalent to

∫
A
dn dP = 0 for all A in Fn−1.

The martingale f is simple if each fn is a simple function and there is an integer
m such that fn = fm for all n ≥ m. Any B-valued function of a simple martingale
has a finite range and is therefore integrable. In some of what follows (Ω,F , P )
needs to be sufficiently rich: we can and do assume that it is nonatomic.

Let Sn(f) and f∗n be defined on Ω by

Sn(f) =

[
n∑
k=0

|dk(·)|2
]1/2

and f∗n = sup
0≤m≤n

|fm(·)|.

Then S(f), the square function of f , and f∗, the maximal function, are their
respective pointwise limits as n → ∞. If 0 < p < ∞, let ‖f‖p = supn≥0 ‖fn‖p.
Doob’s maximal inequality [10], the martingale version of the Hardy-Littlewood
inequality, is ‖f‖p ≤ ‖f∗‖p ≤ q‖f‖p where q = p/(p− 1) and p > 1.

Inequalities between ‖S(f)‖p and ‖f∗‖p or ‖f‖p for several families of martin-
gales, real-valued in this paragraph, such as the partial sums of Rademacher series
and the partial sums of Haar series, inequalities that depend on whether 0 < p < 1,
p = 1, or 1 < p <∞, were proved (without using the martingale concept or word) by
Khintchine [16], Littlewood [18], Paley [22], Marcinkiewicz [20], and Marcinkiewicz
and Zygmund [21]. For many applications, however, it is important to know, for a
given p, whether or not these and related inequalities hold for much larger families
of martingales. For example, consider

cp‖f∗‖p ≤ ‖S(f)‖p ≤ Cp‖f∗‖p.(1.2)

If p ≥ 1, then this inequality holds for all martingales. For p > 1, this follows at
once from the two-sided inequality between ‖S(f)‖p and ‖f‖p in [1] and the Doob
maximal inequality. Later it was shown [4] that if p ≤ 1, then (1.2) holds for a large
family of martingales that includes the special families mentioned above and others,
but that for p < 1, the choice of the positive real numbers cp and Cp for this family
must depend on more than p. In particular, if p < 1, then (1.2) does not hold for
all martingales, not even for all martingales of the form (1.1) where {dk : k ≥ 0} is
a stochastically independent family of mean-zero functions, known already in the
1930s by Marcinkiewicz and Zygmund [21]. After the work of [1] and [4], there
remained the question for p = 1 of whether or not (1.2) holds for all martingales.
Davis [7] proved that it does. The proof rests on a clever decomposition of the
martingale f . Later, using the martingale version [12, p. 149] of the Fefferman
duality theorem (H1)∗ = BMO (see [11, 12]), Garsia [13, 14] proved that 2 +

√
5

is a permissible choice for C1 in (1.2). Although both of these proofs for the case
p = 1 are of interest, neither yields the best constant. Here we prove that

√
3 is

the best constant by using an entirely different approach.
The following theorem is our key result for martingales f with index set the

nonnegative integers. It yields the analogous but more general theorem of Section 6
for local martingales M with index set [0,∞).

Theorem 1.1. If f is a martingale with values in a Hilbert space H, then

E[S(f)] ≤
√

3E[f∗].(1.3)
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The constant
√

3 is the best possible. If 1 ≤ p ≤ 2, then

‖S(f)‖p ≤ γp‖f∗‖p(1.4)

where the positive real number γp is given by

γ2
p = 1 + sup

y>1

(2y − 1)(1− yp−2)
yp − 1

.(1.5)

So if 0 < γ <
√

3, then there is a martingale f such that E[S(f)] > γE[f∗]. If
p = 1, then (1.5) simplifies and gives γ1 =

√
3 so (1.4) contains (1.3). Also, γ2 = 1

so for these two cases (1.5) gives the best constant. We do not know whether or
not γp is the best constant for 1 < p < 2, but some computation suggests that it is
not far away. Another interesting question is whether or not γp can be expressed
as a function of p in a more pleasing way.

The key to Theorem 1.1 is the function U defined by (2.6) in Lemma 2.1, a
function that also throws new light on one of the most intriguing properties of a
real Brownian motion B, one discovered by Lévy [17]: (B2

t − t)t≥0 is a martingale.
Using U , we can embed the Lévy martingale in a large family of submartingales,
equivalently, its negative in a family of supermartingales. Suppose that B starts at
zero (for simplicity), 1 ≤ p ≤ 2, γ ≥ γp, α = p

2γ
p−2, and z > 0. Then, as a special

case of Theorem 7.1, the process Y defined by

Yt = U(Bt, t, B∗t ∨ z) = α[(1 − γ2)(B∗t ∨ z)p − (B2
t − t)(B∗t ∨ z)p−2]

is a supermartingale. If p = 2 and γ = 1, then α = 1 and Y is the martingale given
by Yt = −(B2

t − t).
Section 2 contains the first steps to the proof in Section 3 of the inequality (1.4).

Similarly, Section 4 provides a part of the proof in Section 5 that no smaller num-
ber than

√
3 suffices for the case p = 1. The probability background needed is

minimal for the first five sections and Section 8: just a few properties of condi-
tional expectations. Sections 6 and 7 require a little more. Section 6 contains the
continuous-time local martingale version of Theorem 1.1. In Section 7, we embed
the Lévy martingale (B2

t − t)t≥0 in a large family of submartingales. In Section 8,
we describe some aspects of our search for the function U of Lemma 2.1.

2. First steps

The following theorem, which is of interest in its own right, will be used in
the proof of the inequality (1.4), a proof that is no simpler in the special case of
real-valued martingales and p = 1.

Theorem 2.1. Let B be a Banach space and suppose that U and V are functions
from B× [0,∞)× (0,∞) into R satisfying

V (x, t, z) ≤ U(x, t, z),(2.1)

U(x, t, z) = U(x, t, |x| ∨ z),(2.2)

and the further condition that if |x| ≤ z and d : Ω → B is a simple F-measurable
function with E[d] = 0, then

E[U(x+ d, t+ |d|2, z)] ≤ U(x, t, z).(2.3)

Under these three conditions,

E[V (fn, t− |x|2 + S2
n(f), f∗n ∨ z)] ≤ U(x, t, z)(2.4)
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for all nonnegative integers n and simple martingales f with f0 = x.

The rather mysterious condition (2.2) gives a tool for handling maximal func-
tions. It has already played a role in [3] for a different problem that requires a
different function U . Condition (2.3) is a kind of concavity condition.

Proof. Let Yn = U(fn, t− |x|2 +S2
n(f), f∗n ∨ z). By (2.1), it is enough to prove that

E[Yn] ≤ U(x, t, z). By (2.2), Y0 = U(x, t, |x| ∨ z) = U(x, t, z) so E[Y0] = U(x, t, z).
If n ≥ 1, then f∗n = |fn| ∨ f∗n−1 so, by (2.2), the function Yn is equal to

U(fn−1 + dn, t− |x|2 + S2
n−1(f) + |dn|2, f∗n−1 ∨ z).

We can assume that the filtration (Fn)n≥0 is generated by the simple martingale
f . Therefore, Fn−1 is generated by a finite partition of Ω and on each partition set
fn−1, f∗n−1, and S2

n−1(f) are constant. Because |fn−1| ≤ f∗n−1 ∨ z, condition (2.3)
implies that

E[Yn|Fn−1] ≤ Yn−1.(2.5)

Taking the expectation of each side of this inequality, we see that

E[Yn] ≤ E[Yn−1] ≤ · · · ≤ E[Y0]

so E[Yn] ≤ U(x, t, z) as desired.

Let us now consider the following pair of functions U and V , actually a family of
pairs, one of which will be used in the proof (see Section 3) of the inequality (1.4).

Lemma 2.1. Let H be a Hilbert space, γ > 0, 1 ≤ p ≤ 2, and α = p
2γ

p−2. Define
functions U, V : H× [0,∞)× (0,∞)→ R by

U(x, t, z) = α(|x| ∨ z)p
[
t− |x|2

(|x| ∨ z)2
− γ2 + 1

]
,(2.6)

V (x, t, z) = tp/2 − γp(|x| ∨ z)p.(2.7)

If γ ≥ γp, where γp is the positive number defined in (1.5), then U and V satisfy
(2.1), (2.2), and (2.3).

Proof. To check that the majorization condition (2.1) holds, define the functions u
and v on {(x, t) ∈ H× [0,∞) : |x| ≤ 1} by

u(x, t) = α(t− |x|2 − γ2 + 1),

v(x, t) = tp/2 − γp.

The concave function v(x, ·) is majorized by the affine function u(x, ·) because they
have the same derivative at γ2 and v(x, γ2) ≤ u(x, γ2). This implies that for
(x, t, z) ∈ H× [0,∞)× (0,∞),

V (x, t, z) = (|x| ∨ z)p v
(

x

|x| ∨ z ,
t

(|x| ∨ z)2

)
≤ (|x| ∨ z)p u

(
x

|x| ∨ z ,
t

(|x| ∨ z)2

)
= U(x, t, z).

Therefore, (2.1) holds. The replacement of z by |x| ∨ z does not change U , so
condition (2.2) also holds. Because U(x, t, z) = zpU(x/z, t/z2, 1), it is enough to
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check (2.3) for z = 1. Fix x ∈ H satisfying |x| ≤ 1 and define Φ and Ψ on H by

Φ(s) =
1
α
U(x+ s, t+ |s|2, 1),

Ψ(s) = t− |x|2 − 2x·s− γ2 + 1,

where x·s denotes the real part of the inner product of x and s. If |x+ s| ≤ 1, then
Ψ(s) = Φ(s) because

t− |x|2 − 2x·s− γ2 + 1 = t+ |s|2 − |x+ s|2 − γ2 + 1.

If |x+ s| > 1, then |x+ s| ∨ 1 = |x+ s| so in this case Ψ(s)− Φ(s) is given by

(t− |x|2 − 2x·s− γ2 + 1)− |x+ s|p
[
t+ |s|2 − |x+ s|2

|x+ s|2 − γ2 + 1
]
,

which is nondecreasing in t and, at t = 0, is given by

γ2(|x + s|p − 1) + (1− |x|2 − 2x·s− |s|2|x+ s|p−2).

If this expression is nonnegative, then Ψ(s) ≥ Φ(s). So Ψ majorizes Φ on H if the
inequality γ2 ≥ r(x, y) holds for all y ∈ H satisfying |y| > 1, where

r(x, y) =
−1 + |x|2 + 2x·(y − x) + |y − x|2|y|p−2

|y|p − 1
.

Here y − x replaces s. A simple calculation shows that r(y/|y|, y) ≥ r(x, y):

(|y| − 1)[r(y/|y|, y)− r(x, y)] = (1− |y|−1)(−1 + |x|2 + 2|y| − 2x·y),

so, by the Cauchy-Schwarz inequality and the assumption that |x| ≤ 1 < |y|,
|y|[r(y/|y|, y)− r(x, y)] ≥ (1− |x|)[2|y| − (1 + |x|)] ≥ 0.

Therefore, the majorization of Φ by Ψ follows from γ2 ≥ sup|y|>1 r(y/|y|, y), which
is easily seen to be equivalent to γ2 ≥ γ2

p .
To finish the proof that U satisfies the condition (2.3) if γ ≥ γp, we use the

majorization of Φ by Ψ on H to obtain

E[Φ(d)] ≤ E[Ψ(d)] = Ψ(E[d]) = Ψ(0) = Φ(0)(2.8)

for all simple H-valued F -measurable functions d with E[d] = 0. This gives (2.3)
for z = 1 and completes the proof of Lemma 2.1.

Lemma 2.2. Let B be a Banach space, 1 ≤ p < ∞, and 1 ≤ γ < ∞. (i) If the
inequality ‖S(f)‖p ≤ γ‖f∗‖p holds for all B-valued martingales f with f0 = 0, then
it holds for all B-valued martingales f . (ii) Let n be a positive integer and ε a
positive number. If f is a B-valued martingale with ‖f‖p finite and f0 = 0, then
there is a simple martingle g such that g0 = 0 and

‖Sn(g)− Sn(f)‖p ∨ ‖g∗n − f∗n‖p < ε.

Proof. (i) Let f be a B-valued martingale on (Ω,F , P ) and µ Lebesgue measure
on the Borel sets of [0, 1). Define r by r(s) = 1 if s ∈ [0, 1/2) and r(s) = −1 if s ∈
[1/2, 1). On the product probability space, define a martingale difference sequence
D0, D1, . . . by letting D0(s, ω) = 0 and Dk(s, ω) = r(s)dk−1(ω) for k ≥ 1. The
martingale F with this difference sequence satisfies F0 = 0, S(F )(s, ω) = S(f)(ω),
and F ∗(s, ω) = f∗(ω). This yields the desired conclusion.

(ii) Here let f be a B-valued martingale with f0 = 0, ak a simple Fk-measurable
function such that ‖ak − dk‖p ≤ ε/2n if k = 1, . . . , n, and ak = 0 if k = 0 or
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k > n. Let e0 = 0 and ek = ak − E[ak|Gk−1] if k ≥ 1, where Gk is the smallest
σ-algebra with respect to which the functions a0, . . . , ak are measurable. Then ek
is a simple function and (ek)k≥0 is the difference sequence of a simple martingale g
satisfying g0 = 0. Therefore, ‖e0 − d0‖p = 0 and if 1 ≤ k ≤ n, then Gk−1 ⊂ Fk−1

so E[dk|Gk−1] = 0 and, by the contraction property of conditional expectations,

‖ek − dk‖p = ‖ak − dk − E[ak − dk|Gk−1]‖p ≤ 2‖ak − dk‖p ≤ ε/n.

By Minkowski’s inequality,

|Sn(g)− Sn(f)| ≤
[

n∑
k=0

(|ek| − |dk|)2

]1/2

≤
n∑
k=0

|ek − dk|.

Similarly,

|g∗n − f∗n| ≤ sup
0≤m≤n

|gm − fm| ≤
n∑
k=0

|ek − dk|.

So ‖Sn(g)− Sn(f)‖p ∨ ‖g∗n− f∗n‖p ≤ 2
∑n
k=1 ‖ak − dk‖p < ε, the desired result.

3. Proof of the inequality (1.4)

Let f be a martingale with values in H. By the monotone convergence theorem,
it is enough to show that

‖Sn(f)‖p ≤ γp‖f∗n‖p(3.1)

for all nonnegative integers n. By Lemma 2.2, it is enough to prove this inequality
for fixed n and all simple martingales f with f0 = 0. If γ ≥ γp, then the functions
U and V of Lemma 2.1 satisfy conditions (2.1), (2.2), and (2.3) of Theorem 2.1, so
if γ = γp, t = 0, and f is a simple martingale with f0 = 0, then

E[V (fn, S2
n(f), f∗n ∨ z)] ≤ U(0, 0, z) = α(1 − γ2

p)zp ≤ 0.

Thus, by the definition of V , ‖Sn(f)‖p ≤ γp‖f∗n ∨ z‖p. Let z ↓ 0 to see that (3.1)
holds for all simple martingales f with f0 = 0, hence for all martingales f . This
completes the proof of the inequality (1.4).

4. A companion to Theorem 2.1

Here the martingales have their values in B, Ω = [0, 1), and P is Lebesgue
measure on the σ-algebra of Borel sets of [0, 1). Denote the pointwise limit of a
simple martingale f by f∞ and the set of all simple martingales f with f0 = x by
M(x). The filtration (Fn)n≥0 varies over all possibilities as does f .

Lemma 4.1. Let V : B× [0,∞)× (0,∞)→ R satisfy

V (x, t, z) = V (x, t, |x| ∨ z)(4.1)

and define U : B× [0,∞)× (0,∞)→ (−∞,∞] by

U(x, t, z) = sup{E[V (f∞, t− |x|2 + S2(f), f∗ ∨ z)] : f ∈ M(x)}.(4.2)

Then the pair (U,V) satisfies (2.1), (2.2), and (2.3).
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Proof. If fn = x for all n, then f is inM(x) and the expectation in (4.2) is V (x, t, z).
Therefore, the majorization condition (2.1) holds. Replacing z by |x| ∨ z does not
change U(x, t, z) so (2.2) also holds. To see that (2.3) holds, fix x ∈ B with |x| ≤ z.
Let d be a B-valued simple function with E[d] = 0 and P (d = sj) = pj ∈ (0, 1] for
1 ≤ j ≤ m, where

∑m
j=1 pj = 1. Choose bj ∈ R so that

U(x+ sj , t+ |sj |2, z) > bj .(4.3)

Then, by the definition of U , there is an f j ∈M(x+ sj) satisfying

E
[
V (f j∞, t+ |sj |2 − |x+ sj |2 + S2(f j), (f j)∗ ∨ z)

]
> bj .(4.4)

Let a0 = 0 and aj =
∑j

i=1 pi. With Ij = [aj−1, aj), define ϕj : Ij → [0, 1) by
ϕj(ω) = (ω − aj−1)/pj . Let f be the martingale with f0 = x such that if ω ∈ Ij ,
1 ≤ j ≤ m, and n ≥ 0, then fn+1(ω) = f jn ◦ ϕj(ω). This martingale belongs to
M(x). On Ij its difference sequence satisfies d0 = x, d1 = sj , d2 = dj1 ◦ ϕj , . . . , and
f∞ = f j∞ ◦ ϕj . Because |x| ≤ z, it also satisfies f∗ ∨ z = ((f j)∗ ∨ z) ◦ ϕj on Ij . So
by (4.2), U(x, t, z) ≥ E[V (f∞, t− |x|2 + S2(f), f∗ ∨ z)], which is equal to

m∑
j=1

∫
Ij

V (f∞, t+ |sj |2 + |d2|2 + · · · , f∗ ∨ z) dP

=
m∑
j=1

∫
Ij

V (f j∞ ◦ ϕj , t+ |sj |2 − |x+ sj |2 + S2(f j) ◦ ϕj , ((f j)∗ ∨ z) ◦ ϕj) dP

=
m∑
j=1

pjE
[
V (f j∞, t+ |sj |2 − |x+ sj |2 + S2(f j), (f j)∗ ∨ z)

]
.

By (4.4) and (4.3), U(x, t, z) ≥ sup
∑m
j=1 pjbj =

∑m
j=1 pjU(x + sj , t + |sj |2, z),

which is equal to E[U(x+ d, t+ |d|2, z)], the supremum being taken over all the bj
satisfying (4.3). Therefore, the pair (U, V ) does satisfy (2.1), (2.2), and (2.3).

5. The best possible constant in the Davis inequality

We shall show that
√

3 is the best possible constant for the inequality (1.3)
by showing that it is already the best if H = R. Suppose that γ ∈ [1,∞) and
V : R × [0,∞) × (0,∞) → R is given by V (x, t, z) =

√
t − γ(|x| ∨ z). So (4.1) is

satisfied by V . By Lemma 4.1, the pair (U, V ), where U is defined by (4.2), satisfies
(2.1), (2.2), and (2.3). Clearly, U(x, t, z) = λU(x/λ, t/λ2, z/λ) for all λ > 0, a
scaling property that, by (4.2), U inherits from V . Let u and v be defined on
[−1, 1]× [0,∞) by u(x, t) = U(x, t, 1) and v(x, t) = V (x, t, 1). Because V (x, ·, z) is
nondecreasing, (4.2) implies the same for U(x, ·, z) and u(x, ·), so limits from the
left exist. We shall show that

u(1, 1−) ≥ u(0, 2−) + u(1, 1−).(5.1)

Let r > 0 and 0 < s < 1. Then (2.2), (2.3), and scaling imply that

u(1, s) ≥ r

r + 1
u(0, s+ 1) +

1
1 + r

U(1 + r, s+ r2, 1 + r)

=
r

r + 1
u(0, s+ 1) + u(1, (s+ r2)/(1 + r)2).

The map r 7→ (s+ r2)/(1 + r)2 is strictly increasing on (s,∞) and has the limit 1
as r →∞. Therefore, u(1, s) ≥ u(0, s+ 1) +u(1, 1−). Now let s ↑ 1 to obtain (5.1).
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Suppose that E[S(f)] ≤ γE[f∗] for all real-valued simple martingales f with
f0 = 0. If t = 0 and f ∈M(0), then the expectation on the right side of (4.2) is

E[S(f)]− γE[f∗ ∨ z] ≤ E[S(f)]− γE[f∗] ≤ 0,

and by the definition of u, this implies that u(0, 0) = U(0, 0, 1) ≤ 0. Because U
satisfies (2.3) and u(x, t) = u(−x, t), which also follows from the definition of u,

0 ≥ u(0, 0) ≥ 1
2 [u(1, 1) + u(−1, 1)] = u(1, 1) ≥ u(1, 1−) ≥ v(1, 1−) = 1− γ.

This implies that u(1, 1−) is finite. So (5.1) yields u(0, 2−) ≤ 0 and, by (2.3),

0 ≥ u(0, 2−) ≥ 1
2 [u(1, 3−) + u(−1, 3−)] = u(1, 3−) ≥ v(1, 3−) =

√
3− γ.

Therefore, γ ≥
√

3 and this completes the proof of Theorem 1.1.

6. From discrete time to continuous time

Except for its second sentence, Theorem 1.1 follows at once from Theorem 6.1
below: any martingale f indexed by the nonnegative integers can be embedded
in a right-continuous martingale M with M∗ = f∗ and S(M) = S(f). In the
opposite direction, Theorem 6.1 follows easily from Theorem 1.1 and the Hilbert-
space version of a convergence result of Doléans [9]. Here (Ω,F , P ) is a complete
probability space and (Ft)t≥0 a right-continuous filtration such that F0 contains all
A ∈ F with P (A) = 0. We first consider right-continuous martingales M indexed
by [0,∞). The function Mt : Ω → H is (Bochner) Ft-measurable and integrable,
and E[Mt|Fs] = Ms for all s, t ∈ [0,∞) with s ≤ t. In the proofs we can assume
that the real or complex Hilbert space H is separable.

Lemma 6.1. Let M be a right-continuous martingale with values in H. There is a
family of nonnegative functions (St(M))t≥0 such that S0(M) = |M0|, the function
St(M) is Ft-measurable for all t ≥ 0, the function t 7→ St(M)(ω) is right-continuous
and nondecreasing on [0,∞) for all ω ∈ Ω, and S2

t (M) is the limit in probability of
(Qn,t)n≥0 as n→∞ for all t ≥ 0, where

Qn,t = |M0|2 +
2n−1∑
k=0

|Mt(k+1)2−n −Mtk2−n |2.(6.1)

This was proved for real-valued martingales by Doléans in [9]. Her proof rests
on Theorem 8 of [1]: if f is a discrete-time real-valued martingale and S(f) is its
square function, then for all λ > 0,

λP (S(f) ≥ λ) ≤ c‖f‖1.(6.2)

This inequality carries over to Hilbert space with 2 as an admissible constant [2].
(In the real-valued case, the best constant is

√
e as Cox [6] proved in the 1980s.

Littlewood’s letter reproduced on page 18 of [19] indicates that Bollobás and Little-
wood knew in 1975 that

√
e was the likely value.) Using the Hilbert-space version

of (6.2), we see that the Doléans proof of the lemma for the real-valued case carries
over with only a few simple changes, for example, with the substitution of the real
part of the inner product for a product at some places.

In the following, M is a local martingale. Localization, introduced by Itô and
Watanabe [15], plays an important role in martingale theory and its applications.
A convenient reference is Dellacherie and Meyer [8]. A right-continuous process M
with values in H and with Mt measurable with respect to Ft as above is a local
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martingale if there are stopping times τ1 ≤ τ2 ≤ · · · ≤ ∞ such that limn→∞ τn =∞
with probability 1 and the process Mn defined by

Mn
t = Mt∧τnI{τn>0}(6.3)

is a uniformly integrable martingale for all n ≥ 1. For example, every right-
continuous martingale is a local martingale. Let M∗ denote the maximal function
of M : M∗(ω) = supt≥0 |Mt(ω)|. Note that with probability 1, limn→∞M

n
t = Mt,

so if 0 ≤ s < t and E[M∗] is finite, then by the dominated convergence theorem for
conditional expectations and the martingale property of Mn,

E[Mt|Fs] = lim
n→∞

E[Mn
t |Fs] = lim

n→∞
Mn
s = Ms

with probability 1. Therefore, the finiteness of E[M∗] implies that M is a right-
continuous martingale. In the real case, the process (S2

t (M))t≥0 of Lemma 6.1 is
a version of the square bracket process [M,M ]; see Chapter VIII of [8]. In the
following theorem, S(M) denotes the pointwise limit of St(M) as t→∞.

Theorem 6.1. Let M be a local martingale with values in H. Then

E[S(M)] ≤
√

3E[M∗](6.4)

and the constant
√

3 is the best possible. If 1 ≤ p ≤ 2, then

‖S(M)‖p ≤ γp‖M∗‖p(6.5)

where the positive real number γp is defined in (1.5).

Proof. That
√

3 is a lower bound for the admissible constants C in the inequality
E[S(M)] ≤ CE[M∗] follows from Theorem 1.1. Because γ1 =

√
3, it remains to

prove (6.5). In the proof, we can and do assume that E[M∗] is finite, and hence
that M is a right-continuous martingale. If t > 0 and fn is the martingale defined
by fnk = Mtk/2n for k = 0, . . . , 2n and by fnk = Mt for k > 2n, then S2(fn) = Qn,t.
So (6.5) holds because, by Lemma 6.1, Fatou’s Lemma, and Theorem 1.1,

‖St(M)‖p ≤ lim inf
n→∞

‖
√
Qn,t‖p = lim inf

n→∞
‖S(fn)‖p

≤ γp lim inf
n→∞

‖(fn)∗‖p ≤ γp‖M∗‖p.

7. A family of supermartingales

As mentioned in Section 1, by using the function U of (2.6), we can embed the
Lévy martingale (B2

t − t)t≥0 in a large family of submartingales. This is a special
case of Theorem 7.1 below in which U again plays the leading role.

Lemma 7.1. Let 1 ≤ p ≤ 2, γ ≥ γp, α = p
2γ

p−2, t ≥ 0, and z > 0. Let f
be a martingale with values in H such that ‖f∗‖p is finite. If Y is defined by
Yn = U(fn, t− |f0|2 + S2

n(f), f∗n ∨ z), then Y is a supermartingale.

Proof. The function U satisfies condition (2.3) for all integrable d with E[d] = 0,
not just for simple d: in the proof of Lemma 2.1, the function Ψ is affine so (2.8)
continues to hold. Because U majorizes V ,

E[Yn] ≥ E[V (fn, t− |f0|2 + S2
n(f), f∗n ∨ z)] ≥ −γpE[(f∗n ∨ z)p] > −∞.
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The proof that E[Yn] < ∞ and E[Yn+1|Fn] ≤ Yn for all n ≥ 0 is by induction. If
n = 0, then

E[Y0] = E[U(f0, t, |f0| ∨ z)] ≤ αtE[(|f0| ∨ z)p−2] ≤ αtzp−2 <∞.(7.1)

By slightly modifying the proof of Theorem 2.1, we obtain E[Y1|F0] ≤ Y0, which
gives E[Y1] ≤ E[Y0] <∞, and so on. Therefore, Y is a supermartingale.

Theorem 7.1. Let 1 ≤ p ≤ 2, γ ≥ γp, α = p
2γ

p−2, y ≥ 0, and z > 0. If M is a
local martingale with values in H such that ‖M∗‖p is finite, then Y defined by

Yt = U(Mt, y − |M0|2 + S2
t (M),M∗t ∨ z)

= α[(1− γ2)(M∗t ∨ z)p − (|Mt|2 − y + |M0|2 − S2
t (M))(M∗t ∨ z)p−2]

is a supermartingale. If p = 2, γ = 1, y = 0, and M0 = 0, then α = 1 and Y is the
martingale given by Yt = −(|Mt|2 − S2

t (M)).

Proof. Because ‖M∗‖p is finite, the local martingale M is a right-continuous mar-
tingale. Let 0 ≤ s < t, where we assume at first that s/t is a dyadically rational
number: for all large n, the nonnegative number 2ns/t is an integer, which we
denote by kn. Let fn be the martingale defined in the proof of Theorem 6.1. This
martingale satisfies the conditions of Lemma 7.1 because (fn)∗ ≤ M∗. Therefore,
Y n, defined by Y nk = U(fnk , y − |fn0 |2 + S2

k(fn), (fn)∗ ∨ z), is a supermartingale.
By Lemma 6.1, limn→∞ Y n2n = Yt and limn→∞ Y nkn = Ys, both limits in probability,
but with probability 1 for n in some infinite set N of positive integers. This su-
permartingale also has the property that infn,k Y nk ≥ −γp(M∗ ∨ z)p, an integrable
function. Therefore, by the Fatou Lemma for conditional expectations,

E[Yt|Fs] ≤ lim inf
N3n→∞

E[Y n2n |Fs] ≤ lim
N3n→∞

Y nkn = Ys

with probability 1. The continuity of U and the right-continuity of both M and
the filtration now yields the inequality E[Yt|Fs] ≤ Ys for all s ∈ [0, t). As in the
discrete-time case of Lemma 7.1, −γpE[(M∗ ∨ z)p ≤ E[Yt] ≤ E[Y0] ≤ αyzp−2.

This leads to a slightly different proof of (6.5). Assume that y = 0, M0 = 0, and
‖M∗‖ <∞. Then E[V (Mt, S

2
t (M),M∗t ∨ z)] ≤ E[Yt] ≤ 0 which yields (6.5).

8. On the search for a suitable majorant

Here we describe some of the steps that led to the discovery of the function U
defined in Lemma 2.1. It is the most convenient majorant of the function V of that
lemma, but is not the least majorant of V that satisfies (2.2) and (2.3). Because we
have already proved the main results of the paper, not all of the results contained in
this section are proved in detail. The following lemma can also be used for related
problems.

Let V : B × [0,∞) × (0,∞) → R satisfy V (x, t, x) = V (x, t, |x| ∨ z) as in
Lemma 4.1. Then the function U defined there majorizes V as well as satisfying
the two other conditions of Theorem 2.1. For its use in Section 5, no explicit
analytic expression for this function is needed. The following iterative approach is
helpful in the search for such an expression. Let U0 = V . If n is a nonnegative
integer and Un satisfies Un(x, t, x) = Un(x, t, |x| ∨ z), let

Un+1(x, t, z) = supE[Un(x+ d, t+ |d|2, |x| ∨ |x+ d| ∨ z)],(8.1)
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where the supremum is over the family of all simple functions d satisfying E[d] = 0.
The right side of (8.1) is not changed if z is replaced by |x| ∨ z, so Un+1(x, t, z) =
Un+1(x, t, |x| ∨ z). Take d = 0 in the expectation to see that Un+1 ≥ Un. By
induction, V = U0 ≤ U1 ≤ U2 ≤ · · · and each Un satisfies (2.2).

Lemma 8.1. The function U∞ : B× [0,∞)× (0,∞)→ (−∞,∞] defined by

U∞(x, t, z) = lim
n→∞

Un(x, t, z)

satisfies (2.1), (2.2), and (2.3), and is the least such function.

Proof. Clearly, both (2.1) and (2.2) are satisfied by U∞. If |x| ≤ z, then

E[U∞(x+ d, t+ |d|2, z)] = E[U∞(x+ d, t+ |d|2, |x| ∨ |x+ d| ∨ z)]
= lim

n→∞
E[Un(x + d, t+ |d|2, |x| ∨ |x+ d| ∨ z)]

≤ lim
n→∞

Un+1(x, t, z) = U∞(x, t, z),

so (2.3) is also satisfied by U∞. The monotone convergence theorem can be used
here because d is a simple function so U0(x+ d, t+ |d|2, z) is integrable. Let W be
a function with the same domain as V such that (2.1), (2.2), and (2.3) are satisfied.
The transformation (8.1) applied to both sides of V ≤ W gives U1 ≤ W and, by
induction, Un ≤W for all n. Therefore, U∞ ≤W .

It is easy to see that the majorant defined in Lemma 4.1 is also the least. Con-
sequently, it must be equal to U∞, but we shall not use that here. In fact, this
section does not require any knowledge of the results of the previous sections.

If V satisfies a scaling property, then the problem of finding a suitable U is
reduced in complexity. Such is the case with V : R× [0,∞)× (0,∞)→ R defined
by

V (x, t, z) =
√
t− γ(|x| ∨ z),(8.2)

which satisfies

V (x, t, z) = |λ|−1V (λx, λ2t, |λ|z) for λ 6= 0.(8.3)

One of the majorants that we shall find for this case leads to the majorant (2.6)
that we use for the Hilbert-space case with 1 ≤ p ≤ 2.

Lemma 8.2. Let v be defined on [−1, 1]× [0,∞) by v(x, t) =
√
t − γ. There is a

majorant U : R× [0,∞)× (0,∞)→ R of V satisfying (2.2) and (2.3) if and only
if there is a majorant u : [−1, 1]× [0,∞)→ R of v such that

u(x, t) = u(−x, t),(8.4)

u(x, t) ≥ λu(x + h, t+ h2) + (1− λ)u(x+ k, t+ k2) if 0 ≤ λ ≤ 1,(8.5)

|x+ h| ≤ 1, |x+ k| ≤ 1, and λh+ (1− λ)k = 0,

u(x, t) ≥ u(x− h, t+ h2) + u(1, 1)h if 0 < h ≤ 1 + x,(8.6)

s 7→ u(x, s2) is convex on R.(8.7)
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There are several other properties of a finite majorant u of v that are needed
later and which follow immediately from the four above:

u(x, ·) is continuous and nondecreasing on [0,∞],(8.8)

u(·, t) is concave on [−1, 1],(8.9)

u(1, 1) ≤ 0.(8.10)

Property (8.7) implies (8.8). Therefore, the right side of (8.5) is greater than or
equal to λu(x + h, t) + (1 − λ)u(x + k, t) so (8.9) holds. If x = t = 1 and h = 2 in
(8.6), then u(1, 1) ≥ u(−1, 1 + 22) + 2u(1, 1) ≥ u(−1, 1) + 2u(1, 1) = 3u(1, 1) and
this yields (8.10). Here we have used (8.8) once more and (8.4).

Proof. The “only if” part of the proof is not difficult. A majorant W of V that
maps into R and satisfies (2.2) and (2.3) can be replaced by such a majorant U
that, in addition, satisfies the scaling property (8.3) that V satisfies, for example,
the majorant given by U(x, t, z) = infα6=0 |α|−1W (αx, α2t, |α|z). So U∞, the result
of iteration starting with V , has this scaling property because of its minimality:
if W = U∞, then U∞ ≤ U ≤ W . With this choice, the function u defined on
[−1, 1] × [0,∞) by u(x, t) = U(x, t, 1) satisfies the desired properties: (8.4) and
(8.5) follow at once from the corresponding properties of U . The convexity property
(8.7) follows from the convexity of the function s 7→ V (x, s2, z) which carries over
by induction to s 7→ U∞(x, s2, z). If 0 < h ≤ 1 + x and r > 1, then by (2.2), (2.3),
and the scaling property of U ,

u(x, t) ≥ hr

r − x+ h
u(1, (t+ (r − x)2)/r2) +

r − x
r − x+ h

u(x− h, t+ h2).

The continuity of u(1, ·) gives the equality of the limit of the right side as r → ∞
with the right side of (8.6). This completes the “only if” part of the proof.

For the “if” part of the proof, suppose that u is a finite majorant of v satisfying
(8.4), . . . , (8.7). Define U on R× [0,∞)× (0,∞) by

U(x, t, z) = (|x| ∨ z)u
(

x

|x| ∨ z ,
t

(|x| ∨ z)2

)
.

It follows at once that U is a finite majorant of V and satisfies (2.2). To see that
(2.3) also holds, it is enough, by the scaling property, to prove this for z = 1. Fix
(x, t) ∈ [−1, 1] × [0,∞) and define Φ on R by Φ(s) = U(x + s, t + s2, 1). As we
shall show, there is an affine majorant Ψ of Φ satisfying Ψ(0) = Φ(0). This implies
(2.3): if d is a simple function with E[d] = 0, then E[Φ(d)] ≤ E[Ψ(d)] = Ψ(E[d]) =
Ψ(0) = Φ(0) = U(x, t, 1). If x ∈ [−1, 1), let R = sup0<k≤1−x[Φ(k) − Φ(0)]/k;
clearly, R > −∞. If x ∈ (−1, 1], let L = inf0<h≤1+x[Φ(0)−Φ(−h)]/h; here L <∞.
If x ∈ (−1, 1), then R ≤ L by (8.5) so (R + L)/2, denoted in this case by β, is
finite. If x = 1, let β denote L, which is greater than or equal to u(1, 1) by (8.6).
If x = −1, let β = R; here, by symmetry, β ≤ −u(1, 1). So β is finite for all
x ∈ [−1, 1] and t ≥ 0. Define Ψ on R by

Ψ(s) = Φ(0) + βs.

Then Ψ does majorize Φ at least on the set [−1 − x, 1 − x] as easily follows from
the definitions above. To prove that

Φ(s) ≤ Ψ(s)(8.11)
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holds also on the complement of this interval, we will use the convexity of Φ on the
interval [1− x,∞) and on (−∞,−1− x]. To prove the convexity on [1− x,∞), let
s1 and s2 belong to this interval and s =

∑
αksk, where the αk are nonnegative

numbers adding to 1. Let w be the function defined by w(s) = u(1, s2), a convex
function on R by (8.7), and rk = [(t+ s2

k)/(x+ sk)2]1/2. By (2.2), scaling, and the
convexity of both w and the function s 7→

√
t+ s2,∑

αkΦ(sk) =
∑

αk(x + sk)w(rk)

= (x+ s)
∑

αk
x+ sk
x+ s

w(rk)

≥ (x+ s)w
(∑

αk
x+ sk
x+ s

rk

)
= (x+ s)w

(
1

x+ s

∑
αk

√
t+ s2

k

)
≥ (x+ s)w

(
1

x+ s

√
t+ s2

)
= (x+ s)u

(
1,

t+ s2

(x+ s)2

)
= Φ(s).

So Φ is convex on [1− x,∞). Using this convexity, we see that

Φ(s)− Φ(1− x)
s− (1 − x)

↑ u(1, 1) as s ↑ ∞.

In view of (8.10), this implies that Φ(s) − Φ(1 − x) ≤ 0 for all s > 1 − x. Because
we have already proved that (8.11) holds on the interval [−1 − x, 1 − x], we have
that for s > 1− x, Φ(1 − x)− Φ(0) ≤ Ψ(1− x) −Ψ(0) ≤ βs. So for s > 1− x,

Φ(s) = Φ(0) + [Φ(s)− Φ(1− x)] + [Φ(1− x)− Φ(0)]
≤ Φ(0) + βs = Ψ(s).

Similarly, Φ(s) ≤ Ψ(s) for all s < −1− x. Therefore, (8.11) holds for all s ∈ R and
the proof is complete.

We continue with the special case of V as given by (8.2). The reduction of the
problem of finding a majorant U of V on R×[0,∞)×(0,∞) to finding a majorant u
of v on [−1, 1]×(0,∞) permits an easier computer search for a good approximation
to such a u, one that will give some information about the least majorant U of V
even if the grid chosen is quite sparse, say

{(jδ, kδ2) : j = −m, . . . ,m; k = 0, 1, . . . , 8m2}

with δ = 1/m and m = 6. By starting with u0, the restriction of v to this grid, the
nth iteration un for moderate n suggests the following possibilities:

(i) Let t = kδ2. If x = 0, then u∞(x, t) = u∞(1, t+ 1). If j ∈ {1, . . . ,m− 1} and
x = jδ, then

u∞(x, t) =
1− x

1− x+ δ
u∞(x− δ, t+ δ2) +

δ

1− x+ δ
u∞(1, t+ (1− x)2).(8.12)

(ii) There is a number θ(m) such that if γ < θ(m), then u∞(1, 1) ≥ un(1, 1) > 0,
which implies that u(1, 1) > 0. So, in this case, (8.10) and Lemma 8.2 imply that
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U does not map into R. On the other hand, if γ ≥ θ(∞), the limit of θ(m) as
m→∞, then U is finite.

(iii) Suppose that U is the least majorant of V where γ is large enough so that
U is finite. Let B be defined on [0,∞) by B(t) = u(1, t). Then the approximation
of B(kδ2) by un(1, kδ2) suggests that

B(t) =
√
t− γ if t > γ2 and B(t) = α(t− γ2) if 0 ≤ t ≤ γ2,(8.13)

where α is the number that makes B differentiable at γ2, that is, α = (2γ)−1.
All of this leads to the boundary value problem of finding a function u on the set

[−1, 1]× [0,∞) satisfying (8.4), (8.5), (8.6), (8.7), as well as the boundary condition
u(1, t) = B(t) for all t ≥ 0.

Lemma 8.3. Let B : [0,∞) → R be a continuous function, m a positive integer,
δ = 1/m, Gm = {(jδ, kδ2) : |j| ≤ m, k ≥ 0}, and (x, t) ∈ Gm with x ≥ 0. Let f
denote a martingale (fn)n≥0 such that f0 = x, fn+1 ∈ {1,−1} on the set {fn = 0},
fn+1 ∈ {1, (j − 1)δ} on {fn = jδ} for 0 < j < m, fn+1 = 1 on {fn = 1},
and fn+1 = −1 on {fn = −1}. Then fn = fm for all n ≥ m. If x = 0, then
P (S2(f)− x2 = 1) = 1; if 0 < x < 1 and 0 ≤ jδ < x, then

P (S2(f)− x2 = jδ2 + (1− x+ jδ)2) =
1− x

1− x+ jδ
· δ

1− x+ (j + 1)δ
;

if 0 < x < 1 and jδ = x, then

P (S2(f)− x2 = jδ2 + 1) = 1− x;

and if x = 1, then P (S2(f) − x2 = 0) = 1. Moreover, as m increases to infinity
through the set {2n : n ≥ 0}, the expectation of B(t− x2 + S2(f)) converges to

(1− x)
[∫ 1

1−x

B(t+ y2)
y2

dy +B(t+ 1)
]

(8.14)

or to B(t) for all (x, t) ∈
⋃
n≥0G2n , to (8.14) if 0 ≤ x < 1 and to B(t) if x = 1.

The proof is straightforward and is omitted, but note that (x, t) ∈ G2n for all
large n and that for 0 < x < 1 and δ small compared to 1−x, the martingale moves
to the left in small steps of size δ each with large probability and to 1 with small
probability. If it arrives at 0 before 1, it jumps to 1 or −1 at the next step where
it stays. In view of (i), the martingale f is a natural choice.

Theorem 8.1. Let B be defined on [0,∞) by B(t) = α(t − γ2), where γ > 0 and
α = (2γ)−1. Define u on [−1, 1]× [0,∞) by (8.14) if 0 ≤ x < 1, by B(t) if x = 1,
and by u(−x, t) if −1 ≤ x < 0. Then, on [−1, 1]× [0,∞),

u(x, t) = α(t− x2 − γ2 + 1).(8.15)

This function u is a majorant of the function v of Lemma 8.2 and satisfies (8.4),
(8.5), and (8.7) of that lemma. However, it satisfies (8.6) if and only if γ ≥

√
3.

The easy proof is omitted. This function u yields the U of Lemma 2.1 for the
case p = 1 and H = R. It makes possible the sharp version of the Davis inequality
in the real case. A smaller u and U , less easy to work with, can be obtained by
replacing the B of Theorem 8.1 by the smaller B of (8.13). But the function u of
Theorem 8.1 and its associated U also suggest experimentation with the function
U of Lemma 2.1. Indeed, for 1 ≤ p ≤ 2 and martingales with values in H, this U
provides the key to the main results of the paper.
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40 (1969), 284–289. MR 38:5275

[10] J. L. Doob, Stochastic processes, Wiley, New York, 1953. MR 15:445b
[11] C. Fefferman, Characterization of bounded mean oscillation, Bull. Amer. Math. Soc. 77

(1971), 587–588. MR 43:6713

[12] C. Fefferman and E. M. Stein, Hp spaces of several variables, Acta Math. 129 (1972), 137–
193. MR 56:6263

[13] A. M. Garsia, The Burgess Davis inequalities via Fefferman’s inequality, Ark. Mat. 11 (1973),
229–237. MR 42:8267

[14] A. M. Garsia, Martingale Inequalities: Seminar Notes on Recent Progress, Benjamin, Read-
ing, Massachusetts, 1973. MR 56:6844
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Cambridge University Press, Cambridge–New York, 1986. MR 88d:01036
[20] J. Marcinkiewicz, Quelques théorèmes sur les séries orthogonales, Ann. Soc. Polon. Math.
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